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A stable and efficient mixed-frame method has been formulated for the solution of the time-
dependent equation of radiative transfer with full retention of all velocity dependent terms to
O(v/c). The method retains the simplicity of the differential operator found in the inertial
frame while transforming the absorption and emission coefficients to the comoving frame
keeping them isotropic. The method is ideally suited to continuum calculations. To correctly
treat the time dependence of the radiation field over fluid-flow time increments, the velocity-
dependent terms on the right-hand side of both the transfer and moment equations must be
retained for consistency.

Both explicit and two- and three-level implicit schemes have been explored for a variety of
time-dependent problems and it has been concluded that an implicit-backward Euler scheme
works best for propagating a radiation front, but that these schemes are essentially first-order
accurate in the space derivative. A second order scheme was formulated with the method of
lines which should provide higher spatial accuracy. The formulation naturally couples to
hydrodynamics in both the Eulerian and Lagrangian formulations for application to
astrophysical flows.

It is shown that for uniform flow between the fixed and comoving frames, the solution of
the Lorentz transformation of the integrated moments provides a powerful check on the
formulation and solution.
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National Laboratory under Contract No. W-7405-Eng-48.
97
0021-9991/82/040097-41%$02.00/0



98 MIHALAS AND KLEIN
I. INTRODUCTION

In moving media, the equation of radiative transfer contains velocity-dependent
terms, the largest of which are O(v/c), that account for aberration, advection, and
Doppler shifts. In most existing solutions of transfer problems these terms are
ignored, even though they clearly can be important in high-velocity flows. As we
shall show below, the O(v/c) terms should be retained: (a) when characteristic time
scales in the flow are so short that the transfer equation itself (as opposed to moment
equations) must be treated as being explicitly time dependent, and (b) in order to
obtain strict consistency among various forms of the energy equation for the
combined matter-radiation fluid. We therefore wish to develop stable and efficient
techniques that both account for the time dependence of the flow, and include all
velocity-dependent terms to O(v/c).

In formulating the transfer problem to O(v/c) one has two basic choices of
reference frame: (1) the comoving-fluid frame (Lagrangian frame), or (2) an inertial
laboratory frame. Both of these choices have advantages and disadvantages.

A. The Comoving Frame

Consider first the comoving frame. Here one is working in a noninertial spacetime,
because different material elements (to which the coordinate markers are attached)
experience accelerations with respect to one another. In this event one must introduce
additional terms into the transfer equation to account for differential motions of the
fluid over the path of a photon. Derivations of the appropriate comoving-frame
equations have been given by Castor [3], using Lindquist’s [10] formalism, by
Buchler [2], using invariance of the photon-Boltzmann equation, and by
Mihalas [13]; the former two carry only O(v/c) terms and work on a true
Lagrangian frame, the latter carries terms to all orders in (v/c), but works in an
inertial spacetime that can be reduced to a Lagrangian frame only when terms of
higher order than (v/c) are omitted.

The basic advantages of the comoving frame is that it is the proper frame of the
radiating fluid in the relativistic sense. Thus it is the natural frame for specifying the
thermodynamic properties of the fluid. Moreover, it is the frame in which atomic
absorption and emission coefficients are isotropic, and in which partial-redistribution
functions (e.g., for Compton scattering) are most easily written. The disadvantage of
this approach is that it leads to complicated equations, containing derivatives with
respect to time, space coordinates, angle coordinates, and frequency, which are hard
to solve. Therefore, in practice, on a few solutions have been obtained, all for very
simple one-dimensional flows; it is not at all clear at the present time whether, and
how, this method could be applied in two- or three-dimensional flows.

The comoving-frame equations are easily “solved” in the diffusion limit where the
photon mean-free path A, </, a characteristic length in the flow. Here one knows that
the radiation field thermalizes and becomes isotropic so that one can discard the
transfer equation and can use equilibrium values for the radiation-energy density Ey
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and the radiation pressure p;, and can write the radiation flux as F, = KyVT. One
can then treat the fluid as having a total specific-energy density e = e, + (E/p), total
pressure p = p, + pg, and a “conductive” energy flux with conductivity Ky.

When transport effects are important, however, a direct solution of the transfer
equation is required. If one demands complete consistency, including all velocity-
dependent terms, the solution is very difficult and must be carried out along curved
rays representing the photon paths in the noninertial spacetime; in practice this has
been done, thus far, only for one-dimensional steady expansion of a spherical medium
(Mihalas er al. [16], Mihalas [13]). For the case of line transfer the problem can be
somewhat simplified because one can show that the frequency-derivative term is effec-
tively amplified to O(v/v,perm)> Where vy is @ characteristic thermal velocity in the
line; here one can omit all O(v/c) terms in comparison with the (9/év) term, and a
practical solution can be developed (Mihalas et al. [15]), at least for an expanding
medium. The comoving frame is especially advantageous for this problem because
one can choose, once and for all, a small set of comoving-frame frequencies to
sample the line profile regardless of how large the flow velocities become. For
continuum transfer the equations have been solved very approximately, on the
assumption that the (¢/0v) term can be dropped; in practice, one then solves only the
moment equations and uses a static, velocity-independent solution of the transfer
equation to update variable Eddington factors (Falk and Arnett [5]). A more
rigorous treatment is possible (Mihalas [13]) but is too costly for inclusion into a
hydrodynamics calculation.

In summary, the comoving-frame formulation is physically elegant but
computationally complex, and only limited progress has been made with it. We
therefore examine other formulations.

B. The Inertial Frame

In the inertial frame, spacetime is flat, and the differential operator in the transfer
equation remains relatively simple, containing only time and space derivatives. As a
result, it becomes possible to handle more complicated velocity fields in the flow, and
possibly to treat muitidimensional flows, at least in an Eulerian framework. The
fundamental disadvantage of the inertial frame is that material properties, specifically
the absorption and emission coefficients become anisotropic because a photon with
lab-frame frequency traveling in direction n has a comoving-frame frequency-

vo=wp(1 —n-v/c), (1.1)
and travels in direction
ny = (v/ve)in — (v/e)[y — (¥n - v/(y + 1)e)]}. (1.2)

This anisotropy is particularly troublesome for spectral lines where a small
frequency-shift induces a large change in opacity. The total bandwith that must be
treated with good frequency resolution in, say, a line-formation problem can become
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very large, the intrinsic linewidth +(vov,,./c), where v, is the maximum flow
speed; this can be quite costly. Worse, scattering integrals become two dimensional
(angles and frequencies) even under the simplifying assumption of complete
redistribution. Despite its disadvantages, this approach has been used to treat (time-
independent) line-transfer problems.

An interesting alternative to the approaches described above is a mixed-frame
scheme in which one uses an inertial spacetime and expresses radiation quantities,
angles, and frequencies in the lab frame, but expresses opacities and emissivities in
the comoving frame via an O(v/c) expansion. This approach is discussed by
Fraser [6], Pomraning [17], and Hsieh and Spiegel [8]. This approach retains the
advantage of simplicity of the differential operator so that complex flows (e.g.,
shocks) and multidimensional geometries can, in principle, be handled, and gains the
additional advantage that the absorption and emission coefficients are now effectively
isotropic. The disadvantages of this approach are that it is difficult to treat scattering
with partial redistribution, and the expansion procedure fails in spectral lines because
of the rapid-frequency variation of the emissivity and absorptivity within the line
profile. In addition, the viewpoint is fundamentally Eulerian, which is less convenient,
at least for one-dimensional flows, than a Lagrangian formulation (though, as we
shall see, it is possible to recast the equations into Lagrangian form).

Despite the fact that the mixed-frame scheme was one of the first to be
formulated, there seems to have been little work devoted to actually solving the
equations, except in the diffusion limit (Hsieh and Spiegel [8]), and the approach
remains essentially unexplored. Our goal in this report is to demonstrate that prac-
tical schemes can be developed for treating he hybrid time-dependent transfer
equation including O(v/c) terms both stably and efficiently, and to sketch how they
can be coupled into radiation-hydrodynamics calculations; computations using these
methods for actual flows remains work for the future.

In § II we shall develop the mixed-frame equation of transfer and the frequency-
dependent and frequency-integrated moment equations. In § III we shall consider the
relative sizes of the terms in the transfer equation and the requirement to keep all v/c
terms to obtain exact consistency with the energy equation for a radiating fluid. In
§ IV we shall discuss our computational approach in Feautrier variables and we
include a 2nd-order formulation. We shall present several schemes for the method of
solution in § V and provide test calculations. In § VI we shall indicate how the
transfer equation to O(v/c) can be coupled to the hydrodynamic equations in both a
Eulerian and a Lagrangian formulation.

II. THE TRANSFER EQUATION AND ITS MOMENTS

A. The Transfer Equation

The transfer equation for radiation of frequency v traveling in direction n in a
moving medium is
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(%%’L n ai' )I(n v) = n(n, v) — x(n, v) I(n, v), (2.1

where 7 is the thermal emissivity and x the true absorptivity of the material (i.e.,
scattering has been omitted). Our approach is to leave both the differential operator
and the specific intensity in the inertial frame but to express the material properties
on the right-hand side in the fluid frame.

By demanding Lorentz invariance of the transfer equation Thomas [19] showed
that the general transformation relations for x and v between the inertial and
comoving frames are

K, v) = (/%) Ko(¥o) (2.2)
and

n(n, v) = (v/v0)*1o(vo), (23)

where quantities with subscript “0” are measured in the fluid frame. Consider only
the low-velocity limit, and, henceforth, retain terms only to O(v/c). Then

(/ve)=14n-v/c, 24)
K0, v) = to(v) — (- v/)[Ko(v) + V(o /OV)], (2.5)

and
n(@m, v) = 1o(v) + (0 - v/c)[2n4(v) — v(0n0 /). (2.6)

Using (2.5) and (2.6) in (2.1) we obtain the mixed-frame transfer equation

10
(55 + 7 5 ) 10 = 10) ~ a0 I )
+ ("c ){2no(v)—v%+ [xo(v)+ v%] I(n, v) 2.7)

B. SCATTERING TERMS

Scattering terms in the mixed-frame formulation are complicated; a detailed
discussion is given by Fraser [6]. Here we shall consider only Thomson scattering,
which we take to be grey, coherent, and isotropic in the comoving frame. The sink
term to be added to the right-hand side of (2.7) is simply

—o(n, v) I(n, v) = —(v/v) 6,1(n, v) = —0,(1 — n;v’/c) I(n, v). (2.8)
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In the comoving frame the source term is
M500) = (00/47) § (g, vo) ey 2.9)

hence, in the observer’s frame

7@, v) = (v/vo) 13 (vo) = (v/v5)* (00 /47) §; Iy(ng, vo) dwy, (2.10)
where we now regard n and v as fixed, and v, and n, on the right-hand side to be
given by (1.1) and (1.2). That is,

vo=v(1—n-v/c). (2.11)

We now wish to re-express the integral in terms of the inertial-frame radiation field
and inertial-frame angles. Thomas 19| showed that, in general,

Lyng, vo) = (/' )'I@’, v") (2.12)
and
dw, = (v'[v,)? dow’. (2.13)
Here
p =vo(l +n’ - v/c)=v[1 + (' +v—n-v)e|, (2.14)

where the second equality follows from (2.11). Thus O(v/c),

#;Io(no, vy) dw, =§; (%) [I(v) +£(n’ ‘v—n-v) %J dw’

“ifo

=4z [J(v) Uh:(v) ( )(a;j Z)] (2.15)

v v ol
)+E(n -v—n-v)%] dw

Here we have introduced the mean intensity
J) = (1/47) § I(n, v) dw (2.16)
and the Eddington flux

H()= (1/4n)5§1(n, v) n' do. ((2.17)
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Thus from (2.8), (2.10), (2.11), and (2.15) we find that to O(v/c) the transfer
equation including Thomson scattering becomes

i‘ :t tr 3(11 I(n, v) = 14(v) + 6, J(¥) — [Ko(v) + 0] I(n, v)

N n;v’
c

7]
+ [ko(v) + v—a,—ig + 00] I(,,v)

210) — v 2 + 0200~ v 5 |
_(“°c >[H’()—va;j]. (2.18)

It is apparent that the scattering term significantly complicates the problem because it
introduces moments of the radiation field and their frequency derivatives into the
problem, so that the transfer equation is an integro-partial differential equation.

C. Frequency-Dependent Moment Equations

We obtain frequency-dependent moment equations by integrating (2.18) over solid
angle against powers of n. Thus integrating over dw we obtain the zeroth-moment
equation

1 aJ(v) oH'(»v) dry | v H (v)
T =) = k) J6) + [ o) 40 | P
o,v\ OH'
— v, ———. 2.19
+ ( : ) 0 (2.19)
Similarly, integrating against n' dew and noting that
4
i doo = T” S (2.20)

we obtain the first moment equation

1 oH! oK"Y '
c 8t(V) + I;xg‘))= —[ro(v) + 0o] H'(v)

i

v Mo aoJ
+§ 32770(V)—VW'+00 [U(V)—V'é;] g
1 ok i
+ ? [KO(V) +v —370 + 00] ijJ(V), (2.21)

where the tensor KV is defined as

K9 = (1 /4n)5§1(n, v n'n do. 2.22)
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D. Frequency-Integrated Moment Equations

Next, by integrating over frequency we obtain frequency-integrated moment
equations, which are the expressions that appear in the equations of radiation
hydrodynamics. From (2.19) we obtain after integration by parts the radiation-energy
equation

"}jtﬂ + %f_;_ —4n J’0°° [16(») — Ko () J)] v
+ %’_I:O [Ko(") + v%’%"— — 00] Fi(v) dv. (2.23)

Similarly from (2.21) we obtain the radiation-momentum equation

1 oF"  oPY 1 ® ;
2—2"5[_+W___C_«[0 [Ko(v) + 00| F'(v) av

vl rdag
+—E— [—C—-L no(v)dv-i—aoER]

v; oK, " .
+ 2 [xo(v)+va—v°]pg(v) dv+0,PY. (2.24)
Here we use the radiation-energy density
4 4 (®
Ex=—0="1(" Jw)dv, (2.25)
c C Jy
the radiative flux
[ee]
F=dnH =4z j H®) dv, (2.26)
0
and the radiation-pressure tensor
3 rys o0 s
Y = (4n/c) KY = (4n/c) j KU(v) dbv. (2.27)
0

Although these equations specify the dynamics of the radiation field in principle, in
practice they suffer from the usual closure problem. Approximate closure schemes in
the diffusion limit have been developed by Thomas [19], Masaki [11], and Hsieh and
Spiegel [8). But in the optically thin limit, only by a solution of the full angle-
frequency dependent Eq. (2.18) can one close the system (2.23) and (2.24), say in
terms of variable Eddington factors.
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E. Grey Material

We can significantly simplify the problem for grey material, in which k,(v)=«,, a
constant. We further assume LTE so that #,(v) = k,B,(T,), where T, is the material
temperature in the comoving frame and B, is the Planck function. Then the grey-
transfer equation is obtained by integrating (2.18) over frequency, whence we have

(%%L n’;%)l(n)= Ko B+ 0 — (K + 00) I(n)
+ ("jvj/c)[(xo + 6,) I(n) + 3(x, B + 0,J))

— (20,/c) v, H. (2.28)

Taking the zeroth-angular moment of (2.28), we find the radiation-energy equation
for grey material

dEy OF' (Ko —0o) .,
—— =47nK,B - ——=;F, 2.2
Py + ol = o KoCER + v, F (2.29)

and by taking the first moment, we find the radiative-momentum equation

i

1 oF" 0Py 1 . {4nKyB v
S = e P (R ko)
+ fi“ciﬁ v, P, (2.30)

Alternatively, these grey-moment equations can be derived from Egs. (2.23), (2.24)
by inspection. To O(v/v), Eq. (2.29) agrees with Eg. (4.11) of Hsieh and Spiegel [8],
and (2.30) with their Eq. (4.12).

III. IMPORTANCE OF (v/c) TERMS

Let us now investigate the circumstances under which the (v/c) terms in the
equations should be retained. The basic conclusion is that: (1) they are required for
consistency if the time dependence of the radiation field or its moments is at all
important, and (2) various forms of the energy equation are consistent only if the
(v/c) terms are retained.

A. Relative Sizes of Terms in the Transfer Equation

First consider the order-of-magnitude relative sizes of terms in Egs. (2.28)-(2.30),
ignoring all scattering terms. In making estimates we shall use the fact that in the
free-flow limit J~ HxK, hence Ep = pp and F=cEg. In the diffusion limit



106 MIHALAS AND KLEIN

J=3K =B, and H <J; in this limit the Lorentz transformation for the flux [cf.
Eq. (3.2)] shows that F ~vE, + F,, where F is the flux evaluated in the comoving
frame.

Starting with the transfer equation (2.28), we see that for time-increments
appropriate to fluid flow, i.e., 4t ~ Ax/v, the &/t on the left-hand side is obviously
O(v/c) relative to the spatial derivative terms. Therefore, if time dependence is
important, the solution should be carried out to O(v/c). On the right-hand side, in the
free-flow limit all terms beyond the usual absorption and emission terms are Q(v/c)
relative to those terms, and thus should be retained for consistency with the (6/9¢)
term. In the diffusion limit /— B[l + O(4/4x)*], where A is the photon mean-free-
path and 4x is a characteristic flow length. Because A < Ax, the absorption and
emission terms cancel almost identically, and become O(4/4x) relative to the spatial
derivative. In contrast, the v-dependent terms are of order (v/c)(dx/4) relative to the
spatial derivative, which shows that: (1) they are much more important than the
(©/or) term, and (2) that they can dominate the absorption-emission terms if
(v/c)(dx/A)* > 1. We therefore conclude that in the diffusion limit it is essential to
retain the v/c terms on the right-hand side.

For the zeroth-moment equation, in the free-flow limit we see that on the left-hand
side the term JE /ot is O(v/c) relative to V - F. On the right-hand side the usual first
two terms are of order ckEy while the last is of order vkE, and hence of O(v/c)
relative to the other two. Therefore, a consistent time-dependent solution is obtained
only if all terms are retained. In the diffusion limit both terms on the left-hand side
are of the same order, namely, vEy/Ax. On the right-hand side, the difference
between the first two terms is of order cAEy /Ax* and the last is of order v’Ey /cA.
Thus, relative to the spatial and time derivatives the absorption-emission terms are
O|[(c/v)(4/4x)| while the last term is O[(v/c)(dx/A)]; clearly the v-dependent term
becomes important for opaque material (4 < 1) and moderate flow-speeds, i.e., when
(v/e)(dx/A) ~ 1 or greater.

For the first-order moment equation, in the diffusion limit all three terms on the
right-hand side are of the same order, namely, (vkEg/c) = (vE/cA), and hence, all
must be retained. On the left-hand side the term ¢ ~2(8F/&t) is only O(v?/c?) relative
to (9Pg/0x) and, hence, can be dropped in the diffusion limit. In the free-flow limit,
however, the (0F/&t) term becomes O(v/c) relative to (0Pg/0x), as do the v-
dependent terms on the right-hand side relative to k,F/c. We therefore, again
conclude that consistency is obtained only if all terms are retained in the solution.

In summary, if one wishes to treat the time dependence of the radiation field over
time increments appropriate to fluid flow correctly, then the velocity-dependent terms
on the right-hand side of the transfer and moment equations must be retained for
consistency, for they are of the same order, or larger, as the §/9t term. If we are
interested in a pure radiation-flow problem the appropriate time increments are
At ~ Ax/c. Here the time-dependent terms are O(1) relative to the spatial derivative.
Unless we specifically demand a solution accurate to O(v/c), the velocity-dependent
terms on the RHS may be omitted.
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B. Consistency of the Energy Equation

In the energy and momentum equations (2.29) and (2.30) there are two kinds of
O(v/c) terms: (1) the velocity-dependent terms on the right-hand side and the (8/0¢)
terms on the left-hand side, and (2) those that discriminate between radiation quan-
tities measured in the comoving and inertial frames. By Lorentz transformation one
finds for the latter

Ep=Ego+ 2v,F}/c* + O(vY/c?), (3.1
F'=F} + Egov' +v;PY, + O(@v?*/c?), (3-2)

and
PY{ =Py, + (v'F) + VFb)/c* + O(v?*/c?). (3.3)

These transformations apply only for the frequency-integrated moments. We shall
now show that if and only if we retain all these O(v/c) terms can we obtain strict
consistency among various forms of the energy equation for the combined radiation-
material fluid.

The equation for overall energy conservation for the radiating fluid, correct to
O(v/c) is

2 A .
= (e +2pv +ER)+ [(pe v’ + p)v' + F']=v,f’ (34)
or
D 2 .4 OEg aF"
T +30%) to (PU =v.f - % T 3.5)

where f represents external forces on the radiating fluid [20, Eq. (11); 17, Eq. (9.84);

12, Eq. 15-119]. Here e is the specific internal energy of the fluid, p is the fluid

pressure, p is the fluid density, and /' is the force per unit volume acting on the fluid.
The momentum equation correct to O(v/c) is

(3.6)

Dv' . p 1aF' oPY v" 0E, oF
(c2 8xJ)

P = T T a e
(20, Eq. (8); Eq. (15-109)]. Note in passing that Pomraning |17, Eq. (9.83)] omits
the last term on the right-hand side of Eq. (3.6).
Forming the product of (3.6) with v; we obtain the mechanical-energy equation

. op (1 oF 9Py

ilz_ i_ 27,2
pp- ) =u,f — v 2 ) Howe) B
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then subtracting (3.7) from (3.5) we obtain the gas-energy equation
De D (1 1 aF' oPY dEy, OF'
—_— _— == P Rad _— v ) 3-8
g [Dt+th (p)] g (c2 o ax') ( a1 +3x’> (38

where we used the continuity equation (Dp/Dt) = —p(év'/éx"). Now using (2.29) and
(2.30) in (3.8) we obtain

De D /1 2K ;
p [Dt +Po- (—p—-) ] =K,cEx — 4nKx,B —Tov,-F , (3.9)

then using (3.1) we obtain

D D /1
p [—e +p— (7) ] =KoCEg — dmicyB = 4nkcy(J, — B), (3.10)

which is the correct gas-energy equation in the comoving frame [Castor |3, Eq. (43)].
Had either the (v/c) term on the right-hand side of Eq. (2.29) or the (v/c) terms in
Eq. (3.1) been ignored, this exact reduction would not have occurred, and we would
have been left with an extra term of the form (x,v,f/c), which is the rate of work
done by radiation forces on the material.

Similarly, starting from the zeroth-moment equation (2.29), we can derive the first
law of thermodynamics for the radiation field. Thus using Egs. (3.1)-(3.3) in
Eq. (2.29), and noting that for time intervals 4¢ ~ 4x/c the (v/c) terms in (3.1) lead
to terms of O(v?/c?) in OE /0t), we find

0Eg, OF} 8ER0 o't o oPY,
2 tar TV ot B t PRty ot
= dnky(B — Jo) — (ko + 0,)(v;F'/c). (3.11)

Grouping terms, invoking continuity, and using Eq. (2.30) to write

6P
we find that Eq. (3.11) reduces to

D (an
Dt p

6Fo

(3.13)

p— )+P ﬂ = 4mko(B —Jo) — 57

0 ox'

which is the first law of thermodynamics for the radiation field [of Castor |3,
Eq. (35)]]. The first term is the rate of increase of radiant energy per unit mass. The
second is the contraction of the radiation-stress tensor with the velocity-gradient
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tensor and, hence is the rate of work done by radiation pressure; this becomes more
evident for an isotropic field in which

PY,=Pg, 6",  whence PY (0v,/0x")—> Py (0v'/ox")=pPg [D(1/p)/Dt).

The terms on the right-hand side are the net rate of delivery of energy by the material
to the radiation field minus the net rate of energy flux out of a volume. Again, if we
had omitted any (v/c) terms in Eqgs. (3.1}-(3.3) or on the right-hand side of
Eq. (2.29), the reduction to Eq. (3.13) would not have been exact, and again the error
have been proportional to the rate of work done by radiation forces on the material.
(See also the discussion in [3, p. 790]).

Finally, the sum of (3.10) and (3.13) give the first law of thermodynamics for the
combined radiation-material fluid.

In summary, exact consistency of various forms of the energy equation for a
radiating fluid requires retention of all v/c terms affecting the radiation field.

IV. COMPUTATIONAL APPROACH

A. Preliminaries

To investigate computational methods for solving the transfer equation including
time- and velocity-dependent terms we simplify the problem by assuming: (1) one-
dimensional planar geometry, (2) no scattering, and (3) LTE so that n,(v) = x4(v) B,
For economy of notation we shall henceforth drop the affix “0” on the material
properties. The basic transfer equation follows from Eq. (2.18) and is

e N Y N A ) @D
where
K, =k, + v(oK, /ov), (42)
and
A, = 2, —v(dn, /ov). 43

Here, I, = I(z, u, v), 1 = cos 8, where 8 is the angle between the direction of a ray and
the positive z axis, and f= (v/c), where v is the velocity along the z axis. The
corresponding equation for spherical geometry has the same right-hand side, and on
the left-hand side u(dI,/0z) is replaced by w(dl,/or) +r~'(1 —u*)@I,/ou) or,
equivalently, (u/r?)(@/ar)(r*l,) + (1/r)0/ou)[(1 —*)1,]; we shall not discuss
spherical geometry further in this paper.
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B. Muitigroup Equations

It is trivial to derive both frequency-dependent and frequency-integrated moments
(4.1), but before doing so it is worthwhile to simplify to a multigroup formulation.
Thus, on (v, v,,,) let the opacity have a constant value k, = k,. Then, integrating
(4.1) over (v, v, ,) and assuming LTE we have

1 ol ol i
?_é;k‘+'u8—zk-=’€k(3k_1k)+.”ﬂ(’ck1k+ i) (4.4)
where
Vki1
L=["1,a “s)
Vi
Dk +1
By= B, dv 4.6)
vk
and
- Pktl k41
nkzj ﬂ,,dv=3J’ 1y @+ Vs 10is 1) = Y1) @.7)
vk Dk

In Eq. (4.7) the term in the brackets vanishes identically when the integration range
extends over (0, o0). To achieve this in the multigroup formulation we have two
options: (1) we could write #(v,) = 4(x,_,B,_, + k;B,), in which case we have

=3, By + 3 [Viy 1 (K By + Ky y 1 Biy 1) — vilii_ By + 5, B = 3Kk§k! (4.8)

(2) we would simply drop the term in the brackets, which will be small if (v,_, —v,)
is not too large. In either case we use the notation of Eq. (4.8) to write, finally,

1 oI ol ~
*c‘a—tk u 3_zk = Ky(By — 1) + upr, (I, + 3B,), 4.9)

which yields the zeroth-moment equation

1 aJ, | 9H,

¢ di + 7z = KBy — Jy) + Brey Hy (4.10)
and the first-order moment equation
1 6H K _
- azk 3zk = —i H, + (K, + B,). 4.11)

The sum of (4.10) and (4.11) over all k gives integrated-moment equations. In the
limit of a single group, x = constant on v = (0, o0 ) and we recover the grey equations.
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C. Transformation to Feautrier Variables

Equations (4.10) and (4.11) could be taken as the basic equations to be solved.
But, of course, they suffer from the closure problem because two equations contain
three moments. To achieve closure we could introduce the variable Eddington factor
f, defined such that

K= fid,. (4.12)

One must then either estimate for f, from some ad hoc geometric relationship,
determine f, from an approximate flux-limited theory [9], or compute f,, which
requires a solution of the full angle- (and frequency-) dependent transfer equation
(4.9). For strict consistency to O(v/c), only the latter course is open because an
attempt to specify f; a priori is likely to introduce errors as large as (or larger than)
the other terms we wish to retain,

The standard approach to solving Eq. (4.9) centers on writing stable-difference
formulas in space and time. A variety of schemes have been developed; see, e.g.,
Richtmyer and Morton [18, Chap. 9]. A difficulty with these schemes is that they
often yield inaccurate values for the flux because one must compute J(+u) and I(—u)
separately and then subtract in order to find H. In what follows we shall use an alter-
native approach widely used in astrophysics that recasts the transfer equation into a
form that closely paralleis the moment equations.

We can obtain a stable and economical solution of (4.9) by transformation to
Feautrier variables [4]. Define the mean intensity-like variable

O ESNACTIES ACT | I (ARG ) (4.13)
and the flux-like variable
hw)=3L+0) = L(—w)]  O<u<)), (4.14)

then taking the symmetric and antisymmetric average of (4.9) for +u we obtain

1 g oh ,

?_a—f"l',ua_zk:’ck(Bk_Jk)Jr,uﬂxkhk’ (4.15)
and

1 oh, o L

— TR u e =~y + By i+ 3B (4.16)

This system of equations has several interesting properties. First, it strongly
resembles the moment equations (4.10) and (4.11), but unlike those equations this
pair of equations closes, i.e., contains only j(u) and A(u). Of course, it is angle

581/46/1-8
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dependent, and must be solved for various values of u. Second, the moments J, H,
and KX are directly calculable from j and & as

Jo= | ) s @.17)

He= [ b da (4.18)
and

K= Jiw)u’ do (4.19)

Because h, appears explicitly in the equations, it can be calculated accurately. Hence,
it is possible to obtain accurate values of the flux H, without severe numerical
cancellation, as would occur if one solves Eq. (4.9) directly for I,(+4) and I ,(—u) and
then subtracts before integrating over u. Third, as we shall show below, for §=0
these equations yield both the wave equation and the time-dependent diffusion
equation in the optically thin and thick limits, respectively.

As we shall show in § V, one can immediately write stable-difference approx-
imations for (4.15) and (4.16); however, these in general, have only first-order
accuracy in the space derivatives when nonuniform stepsizes are used, and/or the
opacity varies as a function of depth. In many applications it is important to achieve
second-order accuracy in the space derivatives, particularly in static media, or where
there are large scattering terms (or departures from LTE). To see why this would be
so, we notice that in a static medium (dH,/dr,)=J,—S,, where dr, = —x dz and
S, is the source function. Suppose S, has a scattering term and is of the general form
S,=(1—¢)J,+¢eB,. Then

d’K,/dt>=¢(J, — B,). (4.20)
At great depth in the atmosphere K, — 3J,, hence, (4.20) implies that
J, =B, + (4e)(d, /). (421)

From (4.20) or (4.21), we see that the difference (/, — B,), which enters directly into
the equation of energy balance [cf. Eq.(3.10)], i.e., the equation of radiative
equilibrium for a static medium depends explicitly upon the second derivative of J,.
Errors in this derivative lead directly to errors in energy balance. Moreover, if we
attempt to solve (4.21) for J, as a differential equation, then errors in 1(d%J,/dr?)
compete directly with the thermal source term ¢B, which can be quite small when ¢ is
small; such errors are thus equivalent to spurious source terms, and can completely
falsify the solution for J,. Indeed, it is failure to obtain an accurate representation of
the second-derivative terms that lies at the root of most difficulties encountered in
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numerical attempts at solving the transfer equation itself (i.e., nof analytically
reduced to a diffusion equation) in the diffusion regime.

To obtain a second-order scheme we proceed as in the method of lines, and
immediately discretize the time derivatives while leaving the space derivatives in
continuous form. As we shall find in § V, a backwards time difference is always
unconditionally stable, so we center both (4.15) and (4.16) at ¢" and (1/c)(h, /ot) =
(h} — k3~ Y)/cdt and similarly for (gj,/ot).

For economy of notation we define y = (1/c4t), and drop the superscript n, writing
hi=h, and h}; ' = h;. We then have

H(Oh/0z2) = K; By — (ki + V)i + MR hy + Wk (4.22)
and

#(@jie/92) = —(k + 7) by + P (i + 3B)) + vhi. (4.23)
Now defining dr, = —(x, + y) dz and a, = K, /(x, + y), we obtain

#(©OhOTy) = ji — By — pPayhy — (1 — &) jic (4.24)
and

H@hi/oti) = by — By + 3B) ~ (1 = a,) by (4.25)

Solving (4.25) for h, and substituting into (4.24) we obtain the second-order system

2 O
ot}

+ 2u*pa, %
= [1-02 ZE22 | i~ au = (1 - 0 + bt
- e (3B By+ (1= @) b |+ OF) (4.26)
which is of the general form

az. i )
2 a’;‘ va, e _p g —5,. 4.27)
Tk k

o,

Because f< 1, @, =~ 1, hence a, < 1, b, ~ 1, and S, = B,.

In the limit of a static medium (§ = 0), Eq. (4.27) reduces to the standard second-
order form used extensively in stellar atmospheres work (cf., [12, Chaps. 6, 7, 12]),
where it is known to be accurate and highly stable in both the free-wave and diffusion
regimes. We discuss difference approximations to (4.26) in § V.

Both the first-order system (4.15) and (4.16) and the second-order equation (4.27)
require boundary conditions. Physically this means we must assume that 7_ = I(—u)
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at the upper boundary and I, = /(+u) at the lower boundary are given. In some
cases one can the diffusion approximation at the lower boundary and write 7, =
B — (u/k)(0B/0z). The mathematical expression of the boundary conditions depends
upon the form of the differencing scheme used and will be discussed in § V.

D. The Free-Wave Limit
The free-wave limit is obtained when k = 0. Equations (4.15) and (4.16) then yield

1 & 5 9%

? P — Py =0 (4.28)
and

1 2*h o*h

aam W =0 (4.29)

which are the standard wave equations. The solutions are of the form
Ji O hy)=Af,(z + uet) + Bfy(z — uct), (4.30)

i.e., the wave propogates with velocity ¢ along a ray whose angle-cosine is +u with
respect to the normal.

E. The Diffusion Limit

In the diffusion limit the term (1/c)(6h/0t) in Eq. (4.16) is O(v?/c?) relative to
u(j/dz). Furthermore, because we expect f< 1 at great depth we drop the f-
dependent terms and substitute 4 = —(u/x)(dj/0z) into (4.15), which yields

1 g, o (1 ¢ .
L (22 ) + B =0 + 00 (431)
K, 0z

c&tzéz

Equation (4.31) is of the general form (¢f/dt) = V*f+ s and, hence, is essentially a
time-dependent diffusion equation with a source term.

V. METHOD OF SOLUTION

We now examine various differencing schemes for solving Egs. (4.15) and (4.16)
or Eq. (4.27). In all cases we assume for the present that material properties and the
velocity-field are given, so that we are performing only a formal solution for all
angles and frequencies. A sketch of how the transfer problem can be coupled to
hydrodynamics will be given in § VI
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A. First-Order Schemes

Consider first the first-order equations (4.15) and (4.16). Discretize the problem by
dividing the material into D slabs with boundaries located at {Z,}, d=1,..,D + 1,
with Z,>Z,,,, ie, d=1 is the “top” of the medium and d=D +1 is the
“bottom.” Further, introduce a discrete set of angles {,}, chosen according to some
quadrature scheme. Frequencies have already been discretized into groups by the
mesh {v,}. Material properties and the mean intensity-like variable j(v) are specified
at cell centers Z,,,,, d=1,.,D. Velocities and the flux-like variable A(v) are
specified at cell boundaries Z,. With this choice of centering the radiation-energy
density and pressure are located at the same position as the material-energy density
and pressure, while the radiative flux, and hence, the radiation force, will be
computed at cell boundaries, where the fluid accelerations are to be calculated. For
economy of notation we shall reference only depth levels and time levels ¢”, and
suppress reference to angles u, and frequencies v, in assigning subscripts and
superscripts to variables.

1. An Explicit Scheme

Centering the variables j5,,, at times " and the variables AJ*'/ at times
"tV =1(" +1"*") we can write a standard leapfrog representation of (4.15) and
(4.16) as

n+1 n n+1/2 n+1/2
Javi2 " Jav12 || ha —haiy

=Kgr1nlBaria—2Uar12 tJat12

1, .+ 1/20pn+1/2pn+1/2 +1/2pn4+1/2 _
+ kgL (Ba P hE T + B ha (d=1..D), (5.1

and

hn+l/2 . hn—l/l J-n _jn
d d d—1/2 d+1/2
futdl

cAt" A4Z,_
= —gkg(hy 2+ R +uBi3(kB); + ()a) (d=2..,D). (5.2)

Hete 4" = 32 4 47V, k322 = Yo + KO, BAINE =
1(BY, 1,2+ BoTY ), and B =383 + f3+"%). The term 4Z,, is the thickness of the
dth slab and 4Z,_,, =3(4Z,_, + 4Z,). Further, k= (4Z,_,x}_,, +AZ,kq, )/
(4Z,_, +4Z,), and similarly for (xB)} and (k).

To apply the boundary conditions we use Eq. (5.2) over the half intervals from cell
edge to center for the first and last slab and make use of the identities jj =
I R =T VR RV and b =T — k=1 — (Y 4 R,
We then have
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M-I (VR ) -

L i = (] 4 K2
+uPiKy 3B, + 10 + (™12 + AT 1)2], (5.3)

and

BB | Bea I GBI L
c Al 4Z,/2 p+12U1p 1 D+1

+ i85 416512 [3Bh 1 + 14 — (R + RRLYVP)] (5.4)

Equation (5.1) provides D equations for updating the D values of j5};,, and
Egs. (5.2)(5.4) provide D + 1 equations for updating the D + 1 values of A%* V2 It
should be noted that in the updating procedure one can vectorize the solution either
over the depth-grid, or over all angles and frequencies.

Having calculated the solution for all angles, the moments for frequency group &
are

4n 4
+1 _ +1 £1
Er)atiox =—aiipe=—2. amJ¢';+1/2 ok : (5.5)
c c <
Y12 _ +1/2 _ +1/2
Frilt  =anHitV =4n) a,u, hitiil, (5.6)
. m
and
4 4n
+1 41 _ 2 i+l
(PR)aY1/2,6= Ksn/z.k = Z QullmJas 1/2,m k0 (5.7)
m

where the a,, are appropriate angle-quadrature weights.
The von Neumann local stability analysis shows that (5.1) and (5.2) are stable for

c At < AZJu, (5.8)

i.e.,, the usual Courant condition. Although this scheme is easy and cheap for
radiation-flow problems where the relevant time steps are indeed those given by (5.8),
it is clearly less useful for fluid-flow problems where one would prefer time steps of
the order of At~ AZ/v, where v < ¢ is the fluid velocity. Further, even though the
stability analysis does not indicate a restriction on the optical-depth step size, the fact
that one can recast the system into a diffusion equation [cf., Eq. (4.31)] suggests that
in the diffusion limit a more stringent time-step limitation of the form At < k(4Z)?
may come into operation. In either case an implicit method is indicated.

2. Two-Level Implicit Schemes
To obtain an implicit scheme, we employ the same spatial centering described
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above, but put all variables at a common time level. We then can represent (4.15)
and (4.16) as

ha'' — Rty ha—hi,
+ (1= g

m+1 n
Ja+i2 —Ja+12 + 6u
cAtn+l/2 AZd
= 0Kkgl i/z(Bsi}/z —J.;ti/z)
+(1-0) K2+1/2)(BZ+1/2 —Jas12) + %0/”‘:;1}/2 2“’13“ +ﬁ:¢}h;i{

+3(1 = ) uxly Bk + Bo i) (@=1..,D), (5.9)

and

h:+l —ht Bﬂj:ti/z —jsi:/z +(1— g)yj:__l/z__&"ﬂ

car i T 4Z, .,
= =0k Thgt ! — (1 —0) kjhy + upyt ' [3(kB)3 + (k)5 ]
+ (1= upa[3(xB) + ()]  (d=2,..,D). (5.10)

Here auxiliary quantities such as x,, (xB),, and (kj), are defined as in the explicit
scheme. Boundary conditions are obtained by again applying (5.10) over half
intervals of the two end cells. One finds

hrlt+l_hrl: I’L“+h'1'“—j';“ " +hn_jn
I /2 _ - 1 3/2
carrim T 4Z 2 T-bp—7r7s

= =G5 — (1 —0) x5, h}
+ Ut S5 BB + T+ T + (1~ O) wBT K ,(3B%, + I + AT, (5.11)
and

n+1 n m+1 n+1 n+i

hpii—hpia +0ﬂ.11)+1/2_]'i+1+hu+1+(1_9)uj;)+1/2_11+hD+1

c A2 4z, /2 4Z,/2
=—Okp 12k i — (L= ) kp 1k,
+ uBp i kp 1 (BB, + TV — hpLY)
+ (1 =0y, ,py1pBBL_ + 1 — hp). (5.12)

For § =1, one has a fully implicit or backward Euler scheme; for § =1 one has a
Crank-Nicholson scheme. A von Neumann local stability analysis shows that both
schemes are unconditionally stable.

If we choose a solution vector

X=(h1,j3/2, hza'--, hD’jD+1/2; hD+1)9 (513)
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then at each angle y,, and frequency v, the system (5.9)—(5.12) is of the form
kaxmszmk’ (514)

where T, is a tridiagonal matrix of dimension (2D + 1) and R, is a vector of
length (2D + 1). The computational effort to solve the system scales as ¢(2D + 1).
Because the solution is recursive it cannot be vectorized over the depth grid. Both the
setup and solution, however, can be vectorized over all angles and frequencies, which,
in effect, are treated in parallel. In a scalar machine the total computing effort scales
as cMK(2D + 1), where M is the number of angles and K the number of frequencies.
In a vector machine the coefficient MK is reduced by some large factor depending on
the length of the vector registers.
We can write Eq. (5.9) in the form

Dyhy* ' + Eghi iy =Fajiii, + Gy (d=1,..,D) (5.15)

and Eq. (5.10) in the form
Adjzi}/z + ij:;“/z = thZH +L, d=2,.,D) (5.16)

The boundary conditions are also of the form of Eq. (5.16) with 4, =0 in the upper
boundary condition and B;, , =0 in the lower boundary condition. In general, 4,
B,, C,, D,, E;, and F, are matrices of oreder (M X M) if scattering is included. In
the current nonscattering problem, these quantities are simply scalars and can be read
by inspection from Egs. (5.9)—(5.12). The quantities G, and L, are vectors and
contain all known information from the previous time step in ¢".

In practice, we solve (5.15) and (5.16) by the recursion relations

hZﬂ = Vd+1f§1;/z + Wi (5.17)
Jatrp=Ussr1phiii+ Tay 10 (5.18)

where
Ud+l/2=(Fd_DdVd)_lEd . (5.19)
Vy=(C4—A,U,_,,,)"'B, (5.20)
Wd=(Cd_Adqu/z)_l(Ade—l/z"Ld) (5.21)
Tairn=Fq—DyVy) ' (DyWy~ Gy). (5.22)

The solution starts at d=1 with 4, =0, and we then recursively construct all
composite quantities ¥V, W, U, T for all depth points until we reach d = D + 1, where
B,,;=0. The bottom boundary condition implies A, ,, =W, ,. We then back
substitute using Egs. (5.17) and (5.18) to obtain j4}|, (d=1..,D) and Aj*'
d=1,..D+1).



TIME-DEPENDENT INERTIAL-FRAME EQUATION 119

An alternative solution to the coupled system is to develop a tridiagonal system in
just one variable. Direct substitution of Eq. (5.16) into Eq. (5.15) yields

(DyCq'A0) Jalip + (DuCq'By+ EqCudy—F o) jilipn + (E4Cq'By) Jatsp
=(Dy+E)C;'L;+ Gy. (5.23)
We solve this tridiagonal system for j;1 |, and use Eq. (5.16) to obtain
hit'=Cq'(Aajilin+ Bajiriz = La) (5:24)
Having obtained the solution, moments can be constructed as in Egs. (5.5)—(5.7).

B. The Second-Order Scheme

Let us now briefly examine the second-order system (4.26). The primary goal is to
obtain a second-order accurate representation of the differential operators on the left-
hand side. Let 47, and 47, , denote the r-increments between d — 3 and d + 3, and
d+ 3 and d + 3, respectively, and let 47, , , = 3(d7, + 474, ,). Represent the depth-
variation of j by a second-order Lagrange-interpolation polynomial. Then second-
order formulae for (9%/0r*) and (gj/t) evaluated at d + 3 are

LR e el FoAF O
¥ Afdfjgu/z -2
(9/07) g 112 = —M{‘% + (Zl;;_ ZT—‘IH_,) Jarin

The coefficient of (gj/é7) in Eq. (4.26) and the derivatives on the right-hand side
should, in principle, also be obtained to second-order accuracy. Depending on the
centering of the various variables this may require careful interpolation, using, e.g.,
splines of other high-order formulae.

The final system is tridiagonal in form for each angle-frequency choice, and both
setup and solution can be vectorized over angles and frequencies. Note that there are
now only D variables (the run of j, with depth) in each system. Once the j,,,,’s
have been computed, the fluxes 4, follow immediately from (4.25). In computing
(¢j/dr),, one might use a parabolic formula using either (j;_3/5, jy_1/25 Jas1,2) OF
(Ja—1/20 Ja+ 172+ Ja+3/2) depending on centering, or could numericalily fit the /s with a
cubic spline and then use the spline-derivative formula. Given j and h, the moments
are again calculated by quadrature, as in (5.5)—(5.7).

It should be noted tat the second-order equation (4.26) or (4.27) is essentially
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computed along a ray, and therefore can be adepted to two-dimensional calculations
as in Mihalas et al. [14]. In our opinion this scheme holds the greatest promise for
use in multidimensional geometries.

C. Test Calculations

We have examined some of the schemes described above for several test problems.

1. Unattenuated Square Wave

For this problem we shall take x=f=B=0, and I,(tf)=0 at the lower
boundary. We choose an incident intensity /_ =0 for 1 <0, and I _ = 1 for ¢ > 0 with
initial conditions j,,,,=0 and h,=0 at r=0 (except for h, =—3). The exact
solution is a square wave propagating downward in the material, with j=1 for
s<uct and j, ., ,=0 for s> uct, where s measures the distance inward from the
boundary.

The results from the explicit scheme with c4t/4z =1 are shown in Figs. 1a— for
u=1,0.5, and 0.25. For u =1 (Fig. 1a), where the time step matches the space step
exactly, we obtain a perfect square wave. For 4 =0.5 and 0.25 (Figs. 16b and c,
respectively) where now ucdt does not exactly equal the spatial step, we propagate
the wave with the correct velocity (+ indicates nominal half-intensity point of the

Explicit, k=0, u=1

0.5 T T T T T T T —
04— —
0.3 |~ —
ct
- —=2 4 6 8 10 12 14 16
Az
0.2+ —
0.1~ ]
0 i A i 1 1 1 i L
o 2 4 6 8 10 12 14 16
Az

FiG. 1. Propagation of an unattenuated square wave by the explicit scheme using c4¢t/4Z =1. (a)
u=1; (b)u=05; (c)u=0.25.



Explicit, x =0, u=0.5

T T T ’ T 1 g ! T T T I T T
0.6 -1
AN A/ (
0 l‘_"l ‘ ‘A ]
0.4 — —
03 i
+30=
+2 +6 +10 +14 +22 Az
0.2 _
0.1 ]
0 . LN ] | | S | ! ) | |
()} 2 4 6 8 10 12 14 16 18
Az

18

FIGURE 1 (continued)
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wavefront), but there is a substantial oscillation (+20%) behind the front resulting
from an inadequate representation of the higher Fourier components in the square
wave.

The solution of this problem given by the fully implicit (backward Euler) and the
Cranck—Nichoison schemes are shown in Fig. 2 and (b). The backward Euler scheme
(Fig. 1a) gives a completely smooth solution, which propagates at the correct
velocity. The wavefront is no longer vertical because this method does not accurately
propagate the higher Fourier components in the square wave, and the numerical
solution shows both a precursor, and a shoulder behind the wavefront. The
Cranck—Nicholson scheme (Fig. 2b) also propagates the wave with nearly the correct
velocity (it is systematically slow), and gives a slightly steeper wavefront than the
backward Euler scheme. It also has large (+30%) oscillations beind the wavefront
however, which would probably do violence to energy balance in dynamical
calculations. On the whole the backward Euler scheme is the better of the two.

For cAt/Az = 10 the explicit scheme is of course violently unstable, whereas the
implicit schemes remain stable. Again the backward Euler scheme (Fig. 3a)
propagates a smooth wavefront with about the right speed while the
Crank-Nicholson scheme shows severe oscillations (+40%) which are likely unac-
ceptable (Fig. 3b).

2. Attenuated Radiation Front

Here we shall take j=h=0at¢=0,/, =0,and /_=0forr<0and /_=1 for
t>0, but now set k=0.1 so that the optical-depth step between mesh points is
At =kAZ =0.1. Again, we set f=B =0. We thus have a propagating attenuated
radiation front. The exact solution is j=0.5¢™* for s uct and j=0 for s > uct,
where s measures the distance inward from the boundary.

Results from the explicit schem are shown in Figs. 4a—c. For u =1 (Fig. 4a) we
again obtain a perfectly sharp wavefront, with a very low-amplitude oscillation
immediately behind the front; the oscillation rapidly dies out behind the front and the
solution approaches the correct limiting result as f— o0. For 4 =0.5 and 0.25
(Figs.4b and a, respectively) the behavior is qualitatively similar, though the
wavefront is no longer sharp and vertical; it still propagates with the correct velocity,
however, and approaches the correct result as £ — co.

Results from the implicit schemes are shows in Figs 5a and b. The front propagates
with the correct velocity (of the half-intensity point) in the backward Euler scheme
(Fig. 5a), but has a substantial precursor and a shoulder behind the front. In the
Cranck—Nicholson scheme (Fig. 5b) there are again unacceptably large oscillations
behind the front and a systematic lag of the front behind its nominal position.

3. Irradiated Grey Atmosphere

Here we shall take a grey atmosphere in radiative equilibrium, which has an unper-
turbed mean intensity J,.,(7) that is computed by solution of Egs. (4.15), (4.16)
without the time-dependent terms and using a thermal-source term given by

B(t)=3H|t + q(7)], (5.27)
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Fi. 2. Propagation of an unattenuated square wave by implicit schemes using cd41/4Z = 1. (a)
Backward Euler; (b) Crank-Nicholson.
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Crank - Nichoison, k =0
cAt/Az =10

FiG. 3. Propogation of an unattenuated square wave implicit schemes using cAt/Az = 10. (a)
Backward Euler; (b) Crank—Nicholson.

124



TIME-DEPENDENT INERTIAL-FRAME EQUATION 125

where g(7) is the Hopf function, and a constant flux H = 1. For ¢ >> 0 we iradiate the
atmosphere with an intensity /_=1I,, and follow the time-variation of the internal-
radiation field using a three-point double-Gauss angle quadrature. We hold B(r)
fixed, so that the atmosphere is not in energy equlibrium.

The incident intensity propagates inward such that for s < ct,

I_(p) = Loexp(—xs/u) (5.28)

for (s/et)<u <1, and I~ (u)=0 for s > ct. This inward intensity gives rise to the
following changes in the moments:

AJ(s) = A1,| E(ks) — (s/ct) E,(ket)] (5.29)
and

AH(s) = — I,| E (ks) — (s/ct)*E;(xct)] (5.30)

for s<ct, and 4J=A4H=0 for s > ct, where E, (x) is the exponential integral of
order n. The complete solution is then J(s) =J,., + 4/ and H(s) = | + 4H.

Results from the backward Euler scheme are shown in Figs. 6-8; in all cases we
used cAt/4Z=1. We have calculated the exact time-dependent solution using
Eqgs. (5.29), (5.30) for the case where I, = 1. These solutions are plotted (---) in
Figs. 6a and 7a along with the time-dependent solution of Egs. (4.15), (4.16) (—).

Considering the use of the first-order equations, the accuracy of the solutions is

Explicit, k =0.1, u =1
0.5 T 1T 17 T 1 T T T T T 1 T

0.4 -

03—

o1f

FiG. 4. Propogation of an attenuated radiation front by the explicit scheme using x =0.1,
KAZ =0.1, cAt/dZ =1. (ayu=1; (b) #=0.5 (c)u=0.25.
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Explicit, x =0.1, =05
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FIGURE 4 (continued)
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Backward Euler
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Fi6. 5. Propagation of an attenuated radiation front by implicit schemes using x = 0.1, k4Z = 0.1,
cdt=1,pu=1. (a) Backward Euler; (b) Crank-Nicholson.
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remarkably good. The Oth moment J is accurate to better than 1% throughout most
of the optical-depth range, while the average error in H is ~2% except for very early
times. For both J and H, the computed solutions track the exact solutions quite
closely without the significant precursor that was in evidence in the propagation of
the unattenuated square wave. In Fig. 7a, the net flux near the boundary decreased
for I, =1, and becomes negative for I, = 100 (Fig. 7b), because I(—u) > I(+u) in
that case for 7 2. If one were to solve the energy balance equation as well, the
atmosphere would finally adjust to a state in which J(r) > J,.,(7), but H(r) would
again be identically unity. In Figs. 8a and b, one sees how the intensity for small
values of u approach their final values only at much later times than for ¢ =~ 1; this is,
of course, expected because the radiation can penetrate only into a distance of
ime ¢, Because the components near 4 = 1 are weighted more heavjlv in X

(energy balance being determined by J). The effect is mitigated, however, when the
material is actually allowed to heat because energy input is re-radiated in all
directions by the heated material.

4. Velocity Effects in a Moving Atmosphere

To study the effects of velocity fields we considered a time-independent grey
atmosphere with an imposed velocity field. The equations to be solved follow from
Egs. (4.15) and (4.16) and are

oh
por=J—B—ubh (5.31)
and
9 .
por= h —uB(j+ 3B). (5.32)

To begin we choose =0, and solve the grey-atmosphere problem, using a three-
point double-Gauss angle quadrature, to find B. The atmosphere has a logarithmic
optical-depth mesh with several (~10) points per decade. In practice this is done by
solving the second-order system.

w@jforty=j—J, (5.33)

imposing the condition of a fixed flux (H = 1) at the lower boundary and using the
Rybicki elimination scheme. Then B =J as obtained from Eq. (5.33). With this value
of B we shall perform a formal solution of Egs.(5.31) and (5.32) to obtain the
moments J,, H,, and K, in the stationary atmosphere. Ideally one has H, =1,
Jy=3[7 + q(1)], and Ky =t + g(o0).

Knowing B, we can solve Eqgs. (5.31) and (5.32) for ## 0, and then determine J,
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Irradiated atmosphere
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FIG. 6. Mean intensity in an iradiated grey atmosphere. Backward Euler scheme with
cAtfAZ=1. (a)I,=1; (b) ;= 100. (---), exact solution.
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Irradiated atmosphere
Im=1
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FiG. 7. Flux in an irradiated grey atmosphere. Backward Euler scheme with c4t/4Z =1. (a)
I,=1; (b)I,=100. (---), exact solution.

H, and K from j(u) and h(u). As a test, we can set § = constant, in which case J, H,
and K should be related to J,, H,, and K, by the Lorentz tranformations

Jo=Jy+28H,, (5.34)

H, =H,+ B, + K,), (5.35)
and

K, =K, +26H,. (5.36)

Notice that these equations imply a large change between H, and for 7 » 1, because
both J, and K, > H, at depth. For v < 1, J,, H,, and K, all are of the same order of
magnitude, and the velocity-induced changes are thus O(f).
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trradiated atmosphere
17 =1

I I T
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Fic. 8. Angular distribution of specific intensity at selected optical depths in an irradiated grey
atmosphere. (a) I;=1; (b) I, = 100.

A quantitative estimate of the importance of velocity-induced effects is given by the
ratio

8= (X — X)/X, (537)
and of the accuracy of the solution by
&= (X - XL)/(X_X0)9 (538)
where X stands for J, H, or K.
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Irradiated atmosphere
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FIGURE 8 (continued)

Results for relative change in the flux 6H in a uniform flow with §=.01 are
presented in Figs.9a and b. In Fig. 9a, we see that the inclusion of v/c terms in the
transfer equation leads to an increase of 0.03 in H at the surface and remains fairly
constant to 7~ 1. As expected from (5.35), on the range =1, to 7 = 100 there is a
substantial rise in &,, caused by the large rise of J and K with depth. Inclusion of v/c
terms thus leads to large increases (400%) of the flux compared to the static flux H,.
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F1G. 9. Velocity dépendent solution with v/c =0.01; uniform (a) 6, = (H — H,)/H, as a function
of . (b) ey=(H—H,)/(H—H,) as a function of 7.
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Inspection of the accuracy of our computed solution (Fig. 9b) reveals that we make a
25% error at the surface where the velocity-dependent effects are small (~3%), but
only a negligible error (<1%) at depth where the velocity-induced effects are very
significant (~400%).

Under the assumption of a uniform flow between the fixed and comoving frames,
the calculation of the Lorentz transformation of the integrated moments
(Egs. (5.34)-(5.36)) provides a powerful check on our formulation and solution.
Indeed, for the case of constant # the Lorentz-transformed moments in the inertial
frame agree to O(f) with the computed moments at the surface. At great depth
(r > 1), the agreement is <0(f). We have verified this by calculation with several
values of §. For the case of § =0, the solution yields 8,, < 10~® as expected. For the
variable f case, a preferred frame no longer exists and a simple Lorentz transfor-
mation can no longer be used to relate the two frames. Calculations show that the
computed moments and the Lorentz transformation do not agree to O(f).

VI. CouPLING TO HYDRODYNAMICS

In this section we shall briefly sketch how the transfer equation including O(v/c)
terms might be coupled to the hydrodynamic equations.

A. Eulerian Formulation

In a Eulerian formulation we can write the continuity, momentum, and energy
equations for one-dimensional flow in conservation-law form as

8_p
ot

0
— =0. .
+ e (ov) 6.1)
7 4n 0 4
—a; (pv +_CT2,(‘ Wka) + 5 (pli2 +p+ T% kaka>
4nf
=*pg+TZ wi k(B —J), (6.2)
k
and
0 1, 4n
= (pe+7pu +—c—; Wka)
2 1,
+—— | pe+—5pv’+p)v+4nd wH, | =—guvp, (6.3)
oz 2 z

where f, = K, /J, is a variable Eddington factor (presumed known) and & denotes a
frequency group. These equations are coupled to the transfer equations
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1 oJ oH
- a_tk + azk =K (B, —J) + B, H, k=1,..,K) (6.4)
and
1 oH o(f.J
_ k + Dl (fk k) KkH +ﬁKk(fk"k +Bk) (k: l,...,K). (65)

c ot

If we center the variables v and F, on slab interfaces and p, e, and J, at slab
centers, Egs. (6.1)— (6.5) can be discretized into a nonlinear set of algebraic
equations. To solve the system we linearize around an approximate solution. The
resulting is then block tridiagonal, with blocks of dimensions (K + 3) X (K + 3). The
computing effort required to solve the system scales as c(2D)(K + 3)°. Both the setup
and solution is vectorizable. After applying the corrections just obtained to all
variables, one can carry out a formal solution for all angles and frequencies by
solution of Eqgs. (4.15) and (4.16) both to update the radiation field and to obtain new
variable Eddington factors. The effort to effect this solution scales as ¢cDMK,
(M = number of angles). The linearization can then be iterated to convergence.

B. Lagrangian Formulation

For one-dimensional flowit is convenient to use Lagrangian variables. Thus writing
dm = —p dz as the mass measured inward into medium, the momentum and energy
equations become

Dv dp 4= 4n
Dy _ N _F v :
D1 g8+ - om +— - kaKka c 'B/T wik Jl(1 + f0) (6.6)
De D 1
Ao (7) = 4n Y kuwsldy — By) ~ 28(4m) 3w H. 6.7)

Provided we can solve the transfer equations in the Lagrangian frame, these equations
can be solved by the standard Lagrangian leapfrog scheme, where v is centered at
t"*2 and other variables (including radiation) are centered at ¢", t"*'. Thus if we
know p", J", F", etc., we can advance (6.6) from ¢"~!/? to t"*'/2, Using v"*"? we
calculate a new spatial mesh Z"*! at "' and, hence, new densities p"*'. We then
must solve (6.7) implicitly with the transfer equations at "+,

To obtain a Lagrangian form of Eq. (4.15) we add and subtract 8(j,/6Z) from
(1/c)(¢j, /ot), and use the equation of continuity to finally obtain

ﬂﬂKkhk

o (ufP) ~ e (b — ) = % (B, — ) + Ak (68)
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Similarly, for (4.16) we find

1 D #ﬂ
- Dt (he/p) — W — Bh) = — = +=—%(j, + 3B)). (6.9)
The corresponding moment equations are
1 D yJ, 0 P H,
— () —H =k, — 1
C,Dt(p) o (i B1) =25 (B —J) 4 = (6.10)

and

K H ) ﬁ"k

1 D (H,\ @ _
o (5) g U= B = =224 B (1 By (6.11)

Given estimates of the Eddington factors, Eqs. (6.10) and (6.11) are to be solved in
parallel with the energy equation (6.7) at the advanced time level t"*'. Again the
nonlinear system can be linearized to yield a block-tridiagonal system. After the
resulting corrections are applied to the current variables, Eqs. (6.8) and (6.9) are used
to carry out a formal solution that gives new Eddington factors. The process can then
be iterated to convergence.

The Lagrangian formulation may have important application to the solution of
time-dependent neutrino transport during the gravitational collapse of a stellar core
resulting in a supernova explosion. To date, the most complete solution to this
problem uses a P — N method with flux-limited diffusion in the fluid frame [1]. These
solutions are costly to compute and introduce several approximations through use of
ad hoc flux limiters as well as leaving out possibly significant v/c terms. In the
supernova explosion, v/c =0.15 is typical. Our equations become the equations for
neutrino transport when the appropriate modifications to the emission and total
absorption are made. If conservative scattering is reasonable approximation, our
method may provide a more efficient solution with full retention of v/c terms and
accurate variable Eddington factors.

This document was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor the University of California nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responability for
the accuracy, completeness, or usefulness of any information, apparatus, product, or process disclosed,
or represents that its use would not infringe privately owned rights. Reference herein to any specific
commercial products, process, or service by trade name, trademark, manifacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the United States
Government or the University of California. The views an opinions of authors expressed herein do not
necessarily state or reflect those of the United States Government thereof, and shall not be used for
advertising or product endorsement purposes.
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